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Abstract—In 6G mobile communication systems, fluid antenna systems
(FAS) have emerged as a promising technology for achieving additional
diversity within limited spatial constraints. Although extensive research
has been conducted on the performance analysis of FAS, existing analytical
frameworks suffer from significant limitations, including inaccurate perfor-
mance estimation and increased computational complexity as the number of
antenna ports increases. This paper proposes a novel analytical framework
utilizing matrix approximation to evaluate the outage probability of FAS,
an emerging technology for 6G wireless communications. The framework
effectively captures the intricate correlation structure of FAS channels
while maintaining high analytical precision. Specifically, Jake’s model-
based covariance matrix, which characterizes the statistical properties of
FAS channels, is approximated using the exponential correlation matrix.
This approximation enables the derivation of closed-form expressions for
the cumulative distribution function (CDF) of correlated FAS channels
and the system’s outage probability. The obtained results demonstrate
excellent agreement with simulation results, even as the number of antenna
ports increases. Notably, the proposed approach avoids computationally
expensive multiple integrals, allowing efficient evaluation of outage prob-
abilities through simple summation. This study offers rigorous analytical
insights and provides significant contributions to the design and analysis of
correlated communication systems.

Index Terms—6G, fluid antenna systems (FAS), matrix approximation,
outage probability.

I. INTRODUCTION

Multiple-input multiple-output (MIMO) technology is a cornerstone
of 6G wireless networks, enhancing capacity and reliability through
multiple antennas at the transmitter and receiver [1]. Advanced ap-
proaches like cell-free massive MIMO and holographic MIMO opti-
mize frequency efficiency and spatial resource utilization but face chal-
lenges due to high hardware costs associated with dedicated RF chains
per antenna [2]. Recent innovations, such as liquid metal antennas using
gallium-tin alloys, address these issues by reducing size, weight, and
complexity [3].
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Building on this trend, fluid antenna systems (FAS) have emerged as
a groundbreaking solution. These antennas utilize software-controlled
fluid to dynamically adjust their shape, size, and position [4]. For
conventional MIMO systems, it is well-established that antennas
must be spaced at least half a wavelength (1/2) apart to achieve
diversity gain [5]. However, recent findings [4] revealed that even
a minimal spacing of A/10 can result in a significant difference
between deep fade and excellent reception. By leveraging the in-
trinsic properties of the wireless channel, FAS allows precise ad-
justments to the antenna’s location, enhancing signal quality. This
adaptability makes FAS a highly promising technology for next-
generation wireless networks. Recent studies have highlighted the
versatility of FAS in various next-generation wireless applications [6],
[7], [8]. FAS enables dynamic reconfiguration of antenna proper-
ties, making it highly suitable for technologies such as integrated
sensing and communications (ISAC) [7] and non-orthogonal multiple
access (NOMA) [8].

Several studies have focused on the mathematical analysis of fluid
antenna systems (FAS) under correlated fading channels, especially in
terms of outage probability [4], [9], [10], [11], [12], [13], [14]. In [4],
the authors mathematically analyzed the outage probability of FAS, but
their assumption of spatial correlation existing only between the first
antenna port and the others is uncommon in the literature. In [9], a
refined correlation model that accounts for the correlation among all
antenna ports in FAS was proposed, along with an approximation of the
outage probability. However, the analysis presented in this work does
not yield a closed-form solution and aligns well with simulation results
only when the number of antenna ports is sufficiently large. In [10],
the outage probability of FAS was approximated in a closed form by
reducing the rank of the covariance matrix that represents the spatial
correlation among antenna ports in FAS. However, the validity of the
approximated outage probability was demonstrated through computer
simulations only for cases with a small number of antenna ports, such
as three or four. This limitation may be due to the increasing complexity
of plotting the approximated equations as the number of antenna ports
grows. In [11], [12], [13], copula theory was applied to approximate the
correlation structure among the channels at different ports of FAS, pro-
viding an accurate estimation of the outage probability under specific
system parameters. For instance, the approximations closely align with
computer simulations when the size of the FAS is relatively small [12]
or when a higher spatial correlation exists among the ports [13]. In [14],
the outage probability of a reconfigurable intelligent surface—assisted
FAS system was analyzed by approximating the correlation matrix as
a block-diagonal matrix, although a closed-form expression was not
derived.

In this paper, we derive a novel closed-form expression for the outage
probability of FAS by approximating the spatial covariance matrix using
an exponential correlation matrix.

II. SYSTEM MODEL

We consider a system comprising a transmitter equipped with a
single fixed antenna and a receiver equipped with a single fluid antenna.'

TAs considered in [8], we also utilize this 2D FAS model. However, we
acknowledge that this model is somewhat oversimplified from both a practical
and forward-looking perspective. Nevertheless, this paper focuses on this system
model. As previously mentioned, universial analysis within this model has not
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The receiver is a linear antenna with a length of WA, where W denotes
the antenna’s length parameter, and A represents the wavelength. Inside
the antenna is a movable fluid that can be positioned at N predefined,
equally spaced locations, referred to as ports. Following the convention
in the literature [9], [10], the signal vector at the receiver, y € CN*!,
is given by

y = hz +n, (1

where z denotes the transmitted signal and n € CV*! denotes the
additive white Gaussian noise (AWGN) and it is assumed that n ~
CN(0, NoIn). Here, Ny and I denote noise variance and N x N
identity matrix, respectively. It is important to note that although there
are multiple candidate locations for the antenna element, only a single
fluid antenna port becomes active, as only one antenna element moves
to one of the available locations to receive the signal.

The wireless channel from the transmitter to the receiver is defined
as h 2 [hy, hy, ..., hy]T € CV*! where h ~ CA'(0,R) and hy, ~
CN(0,0?). Here, R € RV *N represents the spatial covariance matrix,
such that E[hh¥] = R.. Consistent with existing studies on FAS [4],
[9], [10], [13], we assume that the spatial correlation between the k-th
and the [-th ports is modeled using Jakes’ model as follows:

Ad
Rk,l £ COV(hk,hl) = O'ZJO (27‘(%>

k
o (L

where Ady,; and Jy(.) denote the distance between the k-th port
and the [-th port and the zero-order Bessel function of the first kind,
respectively.? Here, o accounts for the effects of large-scale fading,
which, without loss of generality, is assumed to be lin this paper.
Additionally, the FAS is assumed to activate the optimal single port
that maximizes the signal envelope, ensuring optimal communication
performance, as follows:

W) fork,l € {1,...,N}, 2)

M:argmgx{\hli,|h2|, oA} 3)

Consequently, the resultant signal-to-noise ratio (SNR) at the FAS
receiver is given by SNR = |hy/|*©, where © represents the average
transmit SNR, defined as © £ P/N,. The outage event is defined as the

condition where the received SNR falls below the threshold required
for achieving a target data rate R, denoted by

{log, (1+SNR) <R} = {|hut| < V3un/Of,

yet been conducted, and since this model represents the most basic form, we
believe that solving the problem within this framework is of primary importance.

2By definition, R. is a symmetric and positive semi-definite matrix. However,
its positive semi-definiteness may not hold for arbitrary values of N and W.
To ensure this property, we carefully select N and W such that they satisfy the
positive semi-definite condition as required by the definition of the covariance
matrix in this paper.
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where ., £ 2% — 1. The outage probability P, (7¢,) can be de-
termined using the cumulative distribution function (CDF) of |ha/|,
denoted as

Pout (Vin) = Flnyy) (\/ 'Yth/@)

£ Pr (Jhu| < V3 /©) ®)

where, Pr(-) denotes the probability of an event.

III. OUTAGE PROBABILITY ANALYSIS

In this section, we conduct a mathematical analysis of the out-
age probability of the FAS. Let |h], |haf,...,[hx| be denoted by
hi,ha, ..., hy, and define h = [h], hy, ..., hx]T. Determining
the joint probability distribution of (hy, ha, ..., hy) is typically very
challenging. However, if the covariance matrix R has a tridiagonal
inverse, the /V-variate Rayleigh probability density function (PDF) for

correlated channels can be expressed as [15]

. 2
fa(ri,ra,...,ry) = |Wirye WN.NTN /2

N-1
_ 2 /2
<11 [Tke R (Jwe e Tk?“k+1)] ;

k=1
(6)

where W =R, w;,; denotes the element located in the ¢-th row
and j-th column of W (1 <4, < N), and [,(.) denotes the modified
zero-order Bessel function of the first kind, respectively. The N-variate
Rayleigh joint CDF is expressed as

F};(R],Rz,...

/le/R2
0 0

Then, a closed-form expression for the correlated Rayleigh CDF, as pre-
sented in (8) at the bottom of the page, is derived [15]. When R) = R, =

- = Ry = /71r/O, (5) and (7) become equivalent. The expression
(9), provided at the bottom of the next page, includes an infinite series
of the incomplete Gamma function defined as y(a, z) = [, e~*t*~!dt.
However, if the inverse of the covariance matrix W does not exhibit the
tridiagonal property, (8) cannot be applied. To address this limitation,
we propose a novel matrix approximation method to transform R
into a form whose inverse possesses the tridiagonal property. Before
introducing the proposed matrix approximation method, we first present
the existing approach, known as Green’s matrix approximation [15], as
follows. This method computes the matrix C, which closely approx-
imates the elements of R, with the condition that the inverse of the
resulting Green’s matrix must exhibit tridiagonal properties.

,Ry) £ Pr(hy <Ry,....hx < Ry)

Ry

ffl(r]7r27"'arN)dTld’l"2~~-drn

@)

FE(R17R27“~7 |W|

IPIDS

11=017=0 IN_]= =0 W

Jwi [P w32 - - Jwng v PN fh 1
wil Mgt Ny et 0+ 1)

. 1 1 1
’Y(Zl+l7iwl,lR%>’Y<Zl+Zz+l w22R2> ’Y(ZN 2 +ino + 1, SWN-1,N~ 1Ry 1)

1
*TUN,NR%\I>

Xy (iN—l +172

®)
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Lemma 1: A symmetric, irreducible nonsingular matrix A is tridi-
agonal if and only if A~! = C = [C; ;] is given by

Uv; U2 UivN
Uvz U V2 UUN

C= . . . ) (10)
UNV2  UNTD2 UNUN

with u; and v;,7 = 1,--- N, be two sequences of real numbers and
R; ; =1 for i = j, we have u;v; = 1, for 1 <7 < n. Therefore, to
ensure that the inverse of C has the tridiagonal property, each elements
have to satisfy the condition as below,

Umax(i,5)

an

Ri,j = Umin(4,5) Vmax(i,j) =
Umin(s,5)
If R~ is tridiagonal, we must have Umin(i,5) 14,5 = Vmax(i,5)- Bquat-
ing R with C, a nonlinear system equation is produced, as shown
below,

Uy = RZ,I'UI
V3 = Rz,lvl V3 = R},zvz

vy = Rypvy vy = Ry303
(12)
Vs = Rs,s%
Up = Rp v Up = Rpovy  -oeen-

Up = Rn,2v2 Un = Rn,nflvnfl

Levenberg-Marquardt, quasi-Newton, or conjugate gradient meth-
ods can be used to solve (12) forall 1 <i < j < N. Since u; = 1/v;,
C can be defined accordingly. Consequently, utilizing matrix C as the
approximated covariance matrix facilitates closed-form mathematical
analysis.

A. Geometric Matrix Approximation Method

In this section, we introduce a novel approach to approximate the
covariance matrix using an exponential correlation model, which is
extensively employed in MIMO systems to represent antenna correla-
tions. In this model, correlation coefficients decrease exponentially with
increasing distance between antennas. In applications such as uniform
linear array antenna systems, it is reasonable to assume that the cor-
relation coefficient matrix exhibits a Toeplitz structure, as correlations
depend primarily on inter-antenna distances rather than their absolute
positions. The following lemma asserts that, under a mild condition, a
symmetric Toeplitz covariance matrix with a tridiagonal inverse must
be an exponential correlation matrix.

Lemma 2: If R is an irreducible, symmetric, and nonsingular
toeplitz matrix, then

R =[R; ;] where R, ; = pl'”7! forsome p # +1.  (13)
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Proof: From¥; ;1 = Ri41,; = U:r ,for1 <¢< N —1,wehave
Vi1 = R, ;41v;. But, since R; ;1 is a constant (toeplitz), we have
Vig1 = pv, Wherep = R; ;41 = Ry, (1 <i <N —1)withp #0
(irreducible). From invertibility, p # 1, v; = p* 'v;, and R; ; =
% = pli~Il. Furthermore, R = [pl" 7], _| has a tridiagonal
inverse, too. U

Let C denote the approximate exponential correlation matrix. It is
reasonable to approximate the covariance matrix using this geometric
model, "Il = R, ;, to take p which minimizes

N
> (0 = Ry )= R~ C|f3., where C=[p" ]

ig=1

N
i,j=1"

14)

where ||.|| denotes the frobenius norm.
A common form of the geometric covariance matrix is given by

n—1

p . p
P 1 pan
C= , (15)
pn—l pn—Z . 1

where 0 < p <1 is the correlation coefficient. Since the inverse of
the exponential correlation matrix exhibits a tridiagonal structure, we
can utilize this covariance matrix in (8) to analyze the system’s outage
probability. It is assumed that two matrices R and C must have the same
dimensions, i.e., N x N to find the value of p that minimizes the matrix
mean squared error (MSE). The matrix mean squared error (MSE) is
defined by (14), which can be input into software like MATLAB or
other computational tools determine the optimal p. However, deriving
a simple expression for p is challenging. As an alternative, we can
minimize the MSE in the logarithmic domain as follows:

N

3" (log |Ri | —log pli~7l)’
i,j=1
N N-1
_ S (oglRu ) -4 (Zk(zv b logw) log 0
ij=I k=1

+ éNZ (N? —1) (log p)°.

After performing mathematical operations, we derive the following
condition for p that minimizes the MSE in the logarithmic domain:

(16)

N-1
12

1 :75 EN=) log |R ) 17

og p NN D) 2 og |R1,14k| (17)

With the optimal p obtained from (17), in this paper, we utilize the
resulting exponential correlation matrix to determine the outage prob-
ability using (9).

Gop

FB(R],,.. HNfl
j=1

JRy) = (1-p7) x Z

11,12, tN—1=0

2

j=1

o0

oy e (1
where b, = —_— ~
[ ()’

=1

i+tiy_ =n Llj=1

N-I R2
X |:H'Y<ijl+ij+l7(1_]p2)(

i 2(i1+t+in-1)

. R?
7,')2 V(ll‘i’lv (]_pz))

1 +p2)>:| v (iN,l +1, %) =(1-p) ibm

n=0

1 2 R
(ij—l +ij+1aEIi_ZZ;R§>>’Y <iN—| +1,ﬁ) )
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Receiver

Fig. 1.  System model of FAS.

B. Asymptotic Behavior of Outage Probability

This section investigates the outage probability behavior in the high-
SNR regime. Assuming a high transmit SNR, we apply a Taylor series
expansion to (7) under the condition R = R, =--- = Ry = \/%T .
Then, by considering only the first term of the Taylor series, we derive
the asymptotic expression [10].

Pout (Ven) = (yen/©)Y (18)

1
det (R)

C. Computational Complexity of Mathematical Analysis

In (9), the presence of an infinite summation implies that as
the number of antenna ports increases, the computational resources
required—such as processing power and memory—escalate significantly.
This escalation can render computations impractical within reasonable
time frames or with available resources. To mitigate this issue, it is
essential to reduce computational complexity by limiting the number of
summation terms. Assuming i; + ¢, + - -+ + iy_; = n sets a specific
threshold for the summation in (9), indicating that we perform the
summation fromn = 1 and up to n. To validate the proposed technique,
we demonstrate that upon reaching a certain threshold, additional terms
become negligible, yielding results equivalent to those obtained from
an infinite summation, as formalized in the following theorem.

Theorem 1: In (9), we have

Ne
1—p? —
( P7)bn < (Zn2

)" 2 1-p?
n ¥ N =T (P + DY

for sufficiently large n so that b, = O(n(~2+)") for arbitrary constant
€ > 0, and the truncation error when summing up to n terms is at most

(&)n 2 1-p° Ne™!
) umF N TP+ )Y (1)’ Ne

Proof: Refer to Appendix. (]

IV. NUMERICAL RESULTS

In this section, we validate our proposed analytical framework for
FAS through computer simulations, assuming R = 1 (bps/Hz) and
o =1 for all figures. All figures presented below were generated
using MATLAB simulations. Fig. 2 compares the outage probability
performance of the proposed method, previous analytical approaches,
and simulation results across varying transmit SNR conditions. The
proposed method exhibits the closest alignment with the simulation
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10f

O N=3, W=0.6 (Simulation)
N=3, W=0.6 (Proposed)

(Kai-kit, New Analysis) eq. (14)

(Alouini, Approximated, R = 2, éau = 2 ) eq. (30)

0.6 (Gaussian Copula) eq. (38)

0.6 (Asymptotic)

Outage Probability

1.2 (Proposed)
2 (Kai-kit, New Analysis) eq. (14)

(Alouini, Approximated, R = 1, ¢ran: = 1) eq. (30)
1.2 (Gaussian Copula) eq. (38)

— = N=4, W=1.2 (Asymptotic)

-6 -4 -2 0 2 4 6 8 10
Transmit SNR [dB]

Fig.2. Outage probability comparison between the proposed analytical frame-
work and the conventional schemes [9], [10], [13].

10%

n,

O N=1, W=1.4 (Simulation) N~
£l 1.4 (Green’s matrix Approximation) SN\
1.4 (Proposed) N
1.4 (Alouini, Approximated, R = 2, &t = 2) eq. (30) AN
Simulation) S~
Green’s matrix Approximation) ~
Proposed) A3 )}
(Alouini, Approximated, R = 1, ¢4, = 4) eq. (30) N
2.4 (Simulation) A
N=6, W=2.4 (Green’s matrix Approximation)
2.4 (Proposed)
=2.4 (Alouini, Approximated, R = 1, & = 4) eq. (30)

-6 -4 -2 0 2 4 6 8 10
Transmit SNR [dB]

Outage Probability

Fig.3.  Outage probability comparison between the proposed analytical frame-
work and the conventional matrix approximation methods [9], [15].

results, demonstrating superior accuracy. The methods by Alouini
(Approximated) [9] and Kai-kit (New Analysis) [10] also show rel-
atively good agreement with the simulations.® In contrast, the Gaussian
copula method [8] shows significant deviations, particularly at high
SNR. Fig. 3 presents the outage probability performance of the pro-
posed analytical framework compared to existing matrix approxima-
tion methods, including Green’s matrix approximation and Alouini’s
approximation, alongside simulation results. The proposed analytical
framework outperforms conventional matrix approximation methods
across all values of N and W. While the Kai-kit method demonstrates
a reasonable fit for N =3 and N =4, it can not be computed for
N > 5 due to the increased complexity of its formula for larger V.
Green’s matrix approximation method [15] shows significant deviations
from the simulation results, particularly at high SNR, due to matrix
approximation errors. The Alouini approach performs reasonably well
for N = 4; however, its accuracy declines for larger values of N,
as observed in the cases of N =5 and N = 6. Fig. 4 illustrates the
outage probability of the proposed analytical framework for large N
and W under varying transmit SNR. The proposed method consistently
shows superior accuracy, closely matching the simulations across all

3The method proposed in [9], [10], [13], exhibits slightly better performance
than the proposed analysis in certain ranges of NV and W, although such regimes
are relatively rare.
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Fig.4. Outage probability of the proposed analytical framework for relatively
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Fig. 6.  Outage probability versus the number of summation terms.
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the outage probability versus transmit SNR for the case of W =5
and NV = 15, where the number of summation terms varies. In the low
SNR region, the proposed method closely approximates the simulation
results even with as few as n = 10 summation terms. In the high
SNR region, accurate approximation is achievable with even fewer
summation terms.

V. CONCLUSION

In this paper, we proposed a novel analytical framework for FAS,
approximating the spatial covariance matrix as an exponential corre-
lation matrix to derive a closed-form expression for the outage prob-
ability. Computer simulations demonstrate that the proposed frame-
work significantly outperforms conventional methods across various
antenna port counts and antenna lengths. Additionally, we reduced
the computational complexity by introducing a threshold to limit the
number of summations required for computing the outage probability
in closed form. As part of future work, we plan to extend the pro-
posed analytical framework to encompass multi-dimensional antenna
configurations and multi-user scenarios. Such extensions will enable a
more comprehensive and realistic performance evaluation in practical
wireless communication environments.

APPENDIX
PROOF OF TRUNCATION ERROR

Since incomplete gamma functions take values between 0 and 1, we
need to estimate the magnitude of g, p*"/ Hj\:ll (i,;!)? when n becomes
large.

2n 2n
2n P 4

g2p" = (p2+ 1)il+2i2+"'+iN—l+(N—2) < (pz+ 1)'n+N—2’

(n))®
> o

. 2
i+tiy_j=n 11j=1 (7’7')

(i)
i1 iy o ino1)

As derived in [16], the approximation of the summation is given by

>

it tin o =n

19

1 1
2 T G ()’

ittino1=n 11j=1

1
()’ 2

i1t+tino1=n

(20)

N 2 N-1 22N
<‘ ' ) ~ (N =177 (4nN) 7 2D
’ll e ZN*I

configurations. In contrast, the Alouini approach exhibits increasing
deviations as NV and W grow. Fig. 5 illustrates the outage probability
of the proposed analytical framework with respect to /N, demonstrating
that it accurately predicts the outage probability of the FAS system.
This is shown in comparison with conventional analytical methods
for various numbers of antenna ports. It can also be observed that the
outage performance gradually saturates as /N increases. Fig. 6 shows
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and Stirling’s formula states that (n!)? ~ 27n - 27198727 a5 — oo,
Thus, (21) is derived as follows:
! > ( N )2 (22)
(n!)? it N G2 AN
(N =P (4N
~ 6277, log n72n2ﬂ—N
N-1
(N — 1)2n+ T e N _N
= wo 2177 (2nN) 2
n N
_[((N-1)¢ 2 N—-1)\"72 23)
o n? VN —1 \ 47N

Since the incomplete gamma functions in (9) is always less than 1,

(1-p%

I1,-

90°"

NoT
'LJ

1

; becomes an upper bound of b,,. As n — oo, we
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obtain an approximate upper bound of (9) as follows:

(1-¢%)
- (N-1)e*\"/N -1 2 P2\ 1-p

~ n2 47N N —1 p2+1 (p2+1)N727
1—p?

=)
N=1\2) (@)

Ne\" 2 1-p°
< (ﬁ) = — N7 = Cn- (24)
") (4m)2 VN —1(p* +1)

Then, we obtain the following asympotic behavior of ¢,, as n — oo.

Coy1 < n? )n Ne <1_ 1 )2" Ne
Cn n+1?*) (n+1)* n+1) (n+1)
N Ne!
DL L (25)
(n+1) (n+1)

Finally, the truncation error in the proposed mathematical analysis of
the outage probability for the FAS system, resulting from summing
terms up to n, is upper bounded by

ORIETEIED DI DI e
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