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Abstract—In this letter, we mathematically analyze the bit-
error rate (BER) performance of a generalized uplink index-
modulated non-orthogonal multiple access (IM-NOMA) system
consisting of a base station (BS) with multiple antennas and an
arbitrary number of devices with different modulation schemes.
We focus on the case that a single subcarrier is activated among
S(≥ 2) subcarriers according to index bits to reduce computa-
tional complexity. The optimal joint maximum-likelihood (JML)
algorithm is assumed to be used for detecting a super-imposed
symbol from multiple devices. The closed-form BER is shown
to be matched well with simulation results. We also investigate
the effect of channel estimation error on the BER. To the best
of our knowledge, the mathematical characterization of BER
of the generalized uplink IM-NOMA system with an arbitrary
number of uplink devices with different modulation schemes and
multiple receive antennas at the BS does not exist in the liter-
ature. Finally, we show that our analytical framework can be
applied to analyze a cell-free massive MIMO NOMA system,
which is expected to be one of the most promising techniques for
6G wireless communication systems.

Index Terms—Index modulation (IM), non-orthogonal multiple
access (NOMA), bit-error rate (BER), joint maximum-
likelihood (JML), imperfect channel state information (CSI).

I. INTRODUCTION

INTERNET of Things (IoT) is considered one of the
most emerging techniques for 6G wireless communica-

tion systems [1]. With the rapid increase of IoT devices,
the frequency shortage in preferred bands is expected to
support an enormous amount of uplink data traffic from
many IoT devices. In general, the IoT network requires a
strict energy efficiency (EE), especially for uplink since most
IoT devices are battery-powered [2]. Index modulation (IM)
has been actively investigated as an emerging technique to
improve both EE and spectral efficiency (SE), where addi-
tional information bits are sent by utilizing indices of radio
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resources like antennas, time slots, and subcarriers. In [3],
[4], [5], it was shown that the orthogonal frequency division
multiple access (OFDMA) technique with IM improves the
EE, error performance, and inter-carrier interference. In [6], a
single carrier-frequency division multiple access (SC-FDMA)
technique with IM was proposed for uplink narrowband IoT
networks to overcome the peak-to-average power ratio (PAPR)
problem and improve EE.

On the other hand, a non-orthogonal multiple
access (NOMA) technique is expected to be a core radio
access technique for future 6G wireless networks [7]. In an
uplink NOMA system, multiple devices send signals over
the same radio resource simultaneously, and a receiver uses
the joint maximum likelihood (JML) detector instead of the
successive interference cancellation to provide the optimal
error performance [8], [9], [10].

Recently, the index-modulated NOMA (IM-NOMA) tech-
nique has been proposed for uplink networks by exploiting
the benefits of both IM and NOMA schemes [11], [12], [13].
In [11], the proposed scheme allows multiple transmitters to
send additional index bits in a specific timeslot simultaneously
and tries to detect multiple transmitters’ signals with the JML
detector at a single-antenna receiver. The upper bound of bit-
error rate (BER) performance was also analyzed. In [12], the
IM-NOMA technique with various detectors based on SC-
FDMA was considered for a two-user uplink network and
was compared with the conventional NOMA techniques. A
suboptimal detection method based on the log-likelihood ratio
algorithm was proposed for lower computational complexity
than the JML detector [13]. However, the error performance
of the uplink IM-NOMA technique has not been thoroughly
investigated in a general uplink system which consists of an
arbitrary number of uplink devices and an arbitrary number of
receive antennas.

In this letter, therefore, we mathematically characterize the
BER performance of a generalized uplink IM-NOMA system.
We assume that L uplink devices send their data over S avail-
able subcarriers with the IM simultaneously, and the JML
detector is adopted at the base station (BS) with multiple
antennas. We assume different modulation schemes of multiple
devices and imperfect channel station information (CSI) at the
BS. We derive a closed-form BER of the generalized uplink
IM-NOMA system, and it is shown that the analysis is matched
well with simulation results.

The rest of this letter is organized as follows. In Section II,
the system model of the uplink IM-NOMA is described. In
Section III, we mathematically analyze the BER performance
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Fig. 1. System model of a generalized uplink IM-NOMA consisting of a
BS with multiple antennas and L devices with a single antenna.

by using a union bound and extend the analytical framework to
cell-free massive multiple-input multiple output (CF-mMIMO)
systems. In Section IV, numerical results are shown in prac-
tical system parameters. Finally, conclusions are drawn in
Section V.

Notation: Operators on two matrices ⊗ and ◦ denote
the Kronecker and Hadamard products, respectively. 1̄A(·)
denotes a complementary indicator function, i.e., 1−{1A(·)}.
diag(A) returns, if A is a vector, a diagonal matrix whose
entries are the elements of vector A, and if A is a matrix, a col-
umn vector containing the diagonal elements of matrix A. [a]i
denotes i-th element of vector a. |A| denotes the cardinality
of set A.

II. SYSTEM MODEL

We consider a generalized uplink IM-NOMA system con-
sisting of a single BS with N antennas and L uplink devices
equipped with a single antenna, as shown in Fig. 1. We
assume that L devices are located at an arbitrary distance
from the BS in a cell, and K subcarriers are activated among
S available subcarriers for a general IM operation1. Let the
l-th (∈ {1, 2, . . . ,L}) device send a bit stream (vector), bl ,
in each data block. The length of a bit stream b is denoted
as |b|. The bit stream of the l-th device is divided into
bl ,sub and bl ,sym streams without overlapping, i.e., |bl | =
|bl ,sub| + |bl ,sym|. The bit stream bl ,sub, called subcarrier
bits or index bits, are used to determine the index of the sub-
carrier to be activated, and then |bl ,sub| = �log2

(S
K

)�. The
symbol bits, bl ,sym, is used to determine one of Ml -ary phase
shift keying (PSK) modulation or Ml -ary quadrature ampli-
tude modulation (QAM) symbol, i.e., |bl ,sym| = K log2(Ml ).
In this letter, we focus on the case where K = 1 for low
complexity of both uplink devices and the BS [11]. Then, a
received signal vector over S available subcarriers at the BS,
y ∈ C

SN , is given by

y =
∑L

l=1

√
Pd−α

l diag(hl )xl + w = diag(GX) + w, (1)

1Practical wireless systems utilize many subcarriers, e.g., 1024 or 2048.
However, we assume that all subcarriers are divided into multiple groups
consisting of S subcarriers and focus on a single group with S subcarriers in
this letter without loss of generality since all groups operate in the same way.

where P, dl , and α denote the transmit power of the l-th device,
the distance between the BS and the l-th device, and the path-
loss exponent, respectively. The transmit power of all uplink
devices is assumed to be identical. The wireless channel vector
from the l-th device to the BS over S subcarriers is defined as
hl � [hl [1]

T · · · hl [S ]T ]T ∈ C
SN . Let the estimated channel

at the BS be ĥl [n] = hl [n]−εl [n] ∈ C
N over the n-th subcarrier,

where εl [n] denotes the channel estimation error vector that
follows independent and identically distributed (i.i.d.) complex
normal Gaussian distribution, i.e., hl [n] ∼ CN (0, IN ) and
εl [n] ∼ CN (0, σ2eIN ). The transmitted signal of the l-th device
is given by xl � [xl [1] · · · xl [S ]]T ⊗ 1N ∈ C

SN , where xl [n]
denotes the transmitted signal of the l-th device over the n-th
subcarrier and 1N indicates an all-ones column vector with
length of N. In this letter, a single symbol-modulated signal
is sent by using a single subcarrier among S subcarriers since
we assume that K = 1. The additive white Gaussian noise at
the BS is denoted as w ∼ CN (0,N0ISN ). The terms of G and
X are defined as G � [Pd−α

1 h1 · · ·Pd−α
L hL] ∈ C

SN×L and
X � [x1, . . . xL]

T ∈ C
L×SN , respectively.

With the optimal JML detector at the BS, the estimates on
the transmitted modulation symbols and the active subcarrier
from L devices are given by
(
x̂l , k̂l

)L
l=1

= arg
(sl ,kl )

L
l=1

∈(Xl × K)L
l=1

min
∥
∥y − diag

(
ĜS

)∥∥2

= arg
(sl ,kl )

L
l=1

∈(Xl × K)L
l=1

min‖y − diag(GS) + diag(ES)‖2,

(2)

where x̂l and k̂l denote the estimated modulation symbol and
the estimated subcarrier index for the l-th device, respectively.
Here, Xl denotes a set of candidates of modulation sym-
bol of the l-th device and K � {1, 2, . . . ,S}. The matrix
S � [s1, . . . , sL]

T consists of the signal candidates, where
sl � sleS ,kl ⊗ 1N . The term eS ,kl ∈ R

S (1 ≤ kl ≤ S )

denotes the standard-basis vector, e.g., e2,1 = [1 0]T and
e2,2 = [0 1]T in R

2 for S = 2 and K = 1. In addi-
tion, Ĝ � [Pd−α

1 ĥ1 · · · Pd−α
L ĥL] ∈ C

SN×L, ĥl �
[ĥl [1]

T · · · ĥl [S ]T ]T ∈ C
SN E � [Pd−α

1 ε1 · · · Pd−α
L εL] ∈

C
SN×L, and εl � [εl [1]

T · · · εl [S ]
T ]T ∈ C

SN .

III. BER PERFORMANCE ANALYSIS

In this section, we mathematically derive the closed-form
BER of the generalized uplink IM-NOMA system. The BER
of the l-th device is given by a weighted sum of BERs of
symbol bits and (subcarrier) index bit as follows:

Pr(El ) =
|bl ,sub|
|bl |

× Pr(El ,sub) +
|bl ,sym|
|bl |

× Pr(El ,sym), (3)

where El ,sub and El ,sym denote the error event of the symbol
and index bits of the l-th device, respectively. As an exam-
ple, Fig. 2 shows constellation points of all candidates of
the received signal in the uplink IM-NOMA system consist-
ing of two devices, where we assume that N = 1, L = 2,
(S ,K ) = (2, 1), and (M1,M2) = (4, 4) for simplicity. Blue ×
marks and solid red circles represent the constellation points
of device 1 and device 2, respectively, and the solid green
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Fig. 2. Superimposed QPSK symbols from two devices at the BS when S = 2, K = 1, and N = 1, where ‖h1[k ]‖ > ‖h2[k ]‖ for all k ∈ {1, 2}.

circles indicate constellation points of the superimposed
signal when both devices are activated in the same sub-
carrier. The blue and red bits indicate the symbol bits of
device 1 and device 2, respectively. To derive the exact
BER, we should obtain the generalized bit error regions in
the SN-dimensionalconstellation space for all combinations
of both index bits and symbol bits, but it is almost impos-
sible. Thus, a conditional BER of the t-th bit of the l-th
device for given G is derived as (4), shown at the bottom
of the page, with a union bound, where S[bl ]t=a denotes a
set of all signal combinations represented as S when the t-
th bit of the l-th device is equal to a ∈ {0, 1}, δ[n] �
|[ diag(G(Sc − Se))]n | denotes a Euclidean distance between
signal combinations of Sc and Se on the n-th subcarrier.
The term Le [n] ⊆ {1, 2, . . . ,L} denotes a set of indexes of
devices whose have a signal on the n-th subcarrier for the
symbol matrix Se . Let σ2[n] � 2σ2e

∑
u∈Le [n]

Pd−α
u and

γ[n] � |[
√

Pd−α
1 ···

√
Pd−α

L ]·([Sc−Se ]·eS,n )|2
2N0+σ2[n]

. Then,

diag
(
G
(
Sc − Se

)) ◦ ([√
2N0 + σ2[1] · · ·

√
2N0 + σ2[S ]

]−1)T

∼ CN (0, diag([γ[1] · · · γ[S ]])⊗ IN ),

since all elements in the channel matrix G follow i.i.d.
complex Gaussian distribution.

Then, the average error probability is derived through expec-
tation of the conditional BER for a given channel matrix with
the union bound as shown in (4). If a random variable Z is
defined as Z �

∑S
n=1 δ

2[n]/(2N0 + σ2[n]), the union bound
of error probability is given by [8]

E

⎡

⎣Q

⎛

⎝

√√
√
√

S∑

n=1

δ2[n]

2N0 + σ2[n]

⎞

⎠

⎤

⎦ =

∫ ∞

0
Q
(√

z
)
fZ (z )dz . (5)

To represent and generalize the distribution of Z, we first define
a scale vector γ ∗ ∈ R

Q as a collection of distinct (unique)
values of non-zero γ[k ] for ∀k . Then, γ ∗ can be expressed as:

[γ ∗]q =

{∑S
n=1 γ[n]

(
01−

∑n
k=1 1̄{0}(γ[k ])

)
, for q = 1

∑S
n=1 γ[n]

(
01−

∑n
k=1 1̄Γq (γ[k ])

)
, for 2 ≤ q ≤ Q ,

where Γq = {0, [γ ∗]1, . . . , [γ ∗]q−1}. In addition, a shape vec-
tor ν ∈ N

Q corresponding to the scale vector is defined as a
vector consisting of following elements

[ν]q = N ×
S∑

u=1

1{γ[1],...,γ[S ]}([γ ∗]q ). (6)

Then, the distribution of Z is given by

Z ∼ Hypoexponential(γ ∗, ν), (7)

Pr(El ,t |G) ≤ 1

2

1∑

a=0

1

|S[bl ]t=a |
∑

Sc∈S[bl ]t=a

∑

Se∈S[bl ]t �=a

Q

⎛

⎝

√√
√
√

S∑

n=1

δ2[n]/2

N0 + σ2e
∑

u∈Le [n]
Pd−α

u

⎞

⎠ (4)
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and fZ (z ) is given by [14]:

fZ (z ) =

|γ ∗|∑

i=1

[ν]i∑

j=1

Ai ,j
z j−1

(j − 1)!([γ ∗]i )j
e
− z

[γ∗]i , (8)

where Ai ,j is derived as a solution of a linear matrix equation
of the Kad matrix [14].

By substituting (8) into (5), we obtain the BER of t-th bit of
the l-th device of the uplink IM-NOMA system with multiple
receiver antennas as follows:

Pr{El,t} ≤ 1

2

1∑
a=0

1

|S[bl ]t=a |
∑

Sc∈S[bl ]t=a

∑
Se∈S[bl ]t �=a

×
⎡
⎣
|γ∗|∑
i=1

[ν]i∑
j=1

Ai,j

2

⎧⎨
⎩1−

j−1∑
k=0

(2k
k

)√ 1

1 + 2/[γ ∗]i

1

(4 + 2[γ ∗]i )k

⎫⎬
⎭

⎤
⎦.(9)

We now explain that our mathematical framework to analyze
the uplink IM-NOMA system is still valid when analyz-
ing BER performance of the NOMA system in CF-mMIMO
networks [15]. The basic concept of the uplink CF-mMIMO is
for multiple distributed BSs (or equivalently radio units, RUs)
to cooperatively receive signals from devices and convey the
received signals to a central processing unit (CPU) through
wired or wireless backhaul links [15]. Then, the CPU decodes
the information of devices by synthesizing the signals from
multiple BSs.

Assuming that the r-th (r ∈ {1, 2, . . . ,R}) BS is equipped
with Nr antennas, each BS (or RUs) handles SNr -dimensional
complex valued signals. The square of error distance, δ2s
becomes a random variable following Erlang distribution with
Nr shape and γ2s scale for Nr -dimensional complex valued
signals over the s-th subcairrer. Then, sum of the square
of S error distances follows the hypoexponential distribution
as well. Similarly, the CPU of CF-mMIMO system han-
dles (

∑R
r=1Nr )-dimensional complex valued signals and the

square of error distance, δ2r . The element of Nr -dimensional
complex valued signals of the r-th BS becomes a random
variable following Erlang distribution with Nr shape and γ2r
scale. Finally, the sum of square of R error distances fol-
lows the hypoexponential distribution. As a result, (9) can be
applied to BER analysis of the uplink NOMA system in CF-
mMIMO networks by regarding subcarrier-related variables of
the uplink IM-NOMA system as receive antenna-related vari-
ables in the uplink NOMA system in CF-mMIMO networks.

IV. SIMULATION RESULTS

In this section, we validate the BER performance of the
uplink IM-NOMA system through computer simulations.

Fig. 3 shows the average BER of the uplink IM-NOMA
system with the JML detector for varying the transmit SNR
when L = 2, (S, K) = (2, 1), N = 4, M1 = M2 = 4, and
(d1, d2) = (2, 1). In this case, (|bl ,sub|, |bl ,sym|) = (1, 2).
Analysis results are matched well with computer simulation
results as the SNR increases. In this figure, we compare the
uplink IM-NOMA with NOMA in terms of BER. For fair
comparion, two devices in the conventional uplink NOMA
system transmit QPSK and BPSK signals over two subcarri-
ers, respectively. Then, Ml � (Ml [1],Ml [2]) denotes the used

Fig. 3. BER of uplink IM-NOMA and conventional uplink NOMA systems
when L = 2, S = 2, N = 4, |bl | = 3, (d1, d2) = (2, 1), and σ2e = 0.

Fig. 4. BER comparison of index and symbol bits in the uplink IM-NOMA
system when L = 2, N = 2, (S, K) = (4, 1), (M1,M2) = (2, 4),
(d1, d2) = (2, 1), and σ2e = 0.

modulation orders of the l-th device for two subcarriers in
the conventional NOMA system. The total power for both the
conventional NOMA and the IM-NOMA is set to be the same.
Note that the BER performance of the IM-NOMA becomes
better than that of the conventional NOMA when the SNR is
high.

Fig. 4 compares BERs of index bits and symbol bits in
the uplink IM-NOMA system when L = 2, (S, K) = (4, 1),
N = 2, (M1,M2) = (2, 4), (d1, d2) = (2, 1), and σ2e = 0.
Somewhat interestingly, the BER performance of index bits is
better than that of symbol bits. Especially in high SNRs, the
slopes of BER become different from each other. Fig. 5 shows
the BER performance of the uplink IM-NOMA system with
imperfect CSI, σ2e = 0.01, when L = 3, (S, K) = (4, 1), N = 2,
(M1,M2,M3) = (4, 2, 2), and (d1, d2, d3) = (2, 1.5, 1). We
verify that the analytical framework proposed in this letter
works well even with imperfect CSI environments.

Fig. 6 shows a normalized effective throughput for vary-
ing number of available subcarriers S when L = 2, N = 4,
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Fig. 5. BER of the uplink IM-NOMA system with imperfect CSI when
L = 3, (S, K) = (4, 1), N = 2, (M1,M2,M3) = (4, 2, 2), (d1, d2, d3) =
(2, 1.5, 1), and σ2e = 0.01.

Fig. 6. Normalized effective throughput of the uplink IM-NOMA system
with the JML detector for a various number of available subcarriers S = 2, 4
and 8 when L = 2, N = 4, M = 4, K = 1, and (d1, d2) = (1, 2).

M = 4, K = 1, and (d1, d2) = (1, 2). The effective
spectral efficiency (Effective SE) is defined as (|bl ,sym| +
|bl ,sub|)/S . The normalized effective throughput [16] of the
l-th device (l ∈ {1, 2}) is given by

NETl = Effective SE × (1− Pr(El )). (10)

As the number of available subcarriers S increases, the num-
ber of bits embedded through the IM |bl ,sub| increases but
the effective SE decreases. For example, if S is equal to 2, 4,
and 8, then its corresponding effective SE becomes equal to
1.5, 1, and 0.625, respectively. From Fig. 6, we observe that
the normalized effective throughput increases as the number
of available subcarriers decreases in the uplink IM-NOMA
system with the JML detector. This comes from the fact
that the effective throughput becomes increased as S becomes
decreased, while the BER performances remain similar even
though the number of available subcarriers are different.

Through additional simulations, we can confirm that the
degradation of BER performance is small at the expense of

complexity of the JML detection even when the number of
devices increases further. These results are omitted due to lack
of quantity.

V. CONCLUSION

We mathematically analyzed the bit-error rate (BER)
performance of a generalized uplink index modulated non-
orthogonal multiple access (IM-NOMA) system under perfect
and imperfect channel state information, where the joint
maximum-likelihood (JML) detector is adopted at the base
station (BS) equipped with multiple antennas for decoding
signals from an arbitrary number of devices. We assume an
arbitrary number of available subcarriers and different mod-
ulation schemes at devices. Through computer simulations, it
was shown that the analytical results are matched well with
the simulation results especially as the signal-to-noise ratio
increases. Furthermore, we validated the uplink IM-NOMA
technique via extensive computer simulations in terms of error
performance and normalized effective throughput.
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